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Abstract— The weak form of the method of characteristics is 
described. The principle is given and the technical problems 
exposed. Results on the rotating cone test show the amazing 
quality of this scheme, but the method suffers from a number 
of implementation problems. It can however advantageously 
be used in some specific situations. 
 
I. INTRODUCTION 
The weak form of the method of characteristics is used 
for solving advection, or even advection-diffusion equations 
with source terms. It couples the classical method of 
characteristics, as already used in TELEMAC, and a finite 
element formulation. Though invented at LNHE in the 
eighties (see [1]), this technique was not developed in 
Europe but is now widely known in the US as ELLAM 
(Eulerian Lagrangian Localized Adjoint Method, see [2]). 
Though still relying on linear elements this method 
surprisingly yields extraordinary results in terms of phase 
error and amplification, but suffers from a number of 
implementation problems. It can however advantageously be 
used in some specific situations. The principle of the method 
is briefly recalled hereafter, and the application to 
TELEMAC is tried. 
II. PRINCIPLE 
The method is explained here in the context of Navier-
Stokes equations, with a pure advection in the conservative 
form: 
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∂
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t
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  (1) 
Where f is the advected function and u

 the advection field. 
With the classical method of characteristics (now called 
"strong" characteristics), a solution would consist of tracing 
back the characteristics (backwards trajectories but with 
fixed advection field), and interpolate the value of f  at time 
nt for every point i  in the mesh (the result is denoted if
~
), 
and to eventually write: i
n
i ff
~1 =+ . However the strong 
characteristics solve the non-conservative equation, their 
advantage is that they are monotonous, as the interpolation 
(if linear, this would not be the case with higher orders) 
cannot give under- or overshoots, and a drawback is that 
they are not mass conservative. They are unconditionally 
stable. The basic idea of the weak form of characteristics is 
to apply a variational Galerkin formulation of the equation, 
not only in space: 
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but also in time! 
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iΨ is a linear test function, defined for all degrees of 
freedom in the mesh, with property 1
1
=Ψ∑
=
np
i
i , np being 
the total number of nodes in the mesh. We then apply two 
integrations by part, on one hand: 
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and on the other hand the divergence term with the Stokes 
theorem. Commuting the integrals in space and time is 
possible if Ω is independent from time, it finally gives: 
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The iΨ have been indexed with time when necessary, for 
reasons that will now appear clearly. It seems that things are 
more complicated with this new equation, but the 
tremendous idea in the method is to remark that we have in 
the second line the term )(. it gradui Ψ+∂Ψ∂  , which looks 
like a non conservative advection equation of the test 
functions. This term would be 0 if the test functions were 
advected, and it is what will be done! Note that we started 
from a conservative advection equation on f and arrive at a 
non conservative equation of the test functions. On the 
contrary a non conservative advection equation of f would 
lead to a conservative equation of the test functions. 
So now we admit that the test functions are advected in a 
non conservative form, so that 0)(. =Ψ+∂Ψ∂ it gradui  , 
and we are left with: 
dtdnufdfdf i
t
t
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+ .
1
11
  (6) 
If we sum on all points in the mesh, we have: 
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 (7) 
which is a mass conservation proof stating that the increase 
of mass in the domain is only due to the flux at the 
boundaries between nt and 1+nt , n

 being a vector pointing 
outward the domain. Can we solve (6)? The left-hand side is
ΩΨΨ∫ ++Ω+
=
∑ df ninjnjnp
j
111
1
. If we choose a backward 
advection of test functions, 1+Ψ ni  will be the classical test 
functions of our mesh and  ΩΨΨ∫ ++Ω dninj 11   will be the 
classical mass matrix M. We shall eventually have to solve a 
linear system: RHSFM n =+1 , where:  
( )dtdnufdfRHS ittnin nn ΓΨ∫∫−ΩΨ∫= ΓΩ + .1  (8) 
In this right-hand side niΨ will be the same test function 
advected backward, thus at time nt  and this is a new 
concept. We can imagine for example a set of test functions 
based on the feet of all characteristics, the feet being the 
nodes of an advected mesh (with the assumption that 
triangles remain correctly oriented triangles during 
advection, which is not guaranted). The property 
1
1
=Ψ∑
=
np
i
n
i  must be preserved if we want to keep our proof 
of mass conservation. Actually the term ΩΨ∫Ω df nin only 
requires the knowledge of niΨ , not the full trajectory. As 
function nif  is known on the real mesh (not the backward 
advected one), we have to write: ∑
=
+Ψ=
np
j
n
i
n
j
n ff
1
1 , and 
term  ΩΨ∫Ω df nin   is thus: 
ΩΨΨ=ΩΨ∫ +Ω=Ω ∫∑ dfdf ninjnj
np
j
n
i
n 1
1  (9) 
This is where we find the main technical difficulty: the 
test functions 1+Ψ nj and niΨ  are based on meshes that are 
different. To have a unique polynomial definition of both we 
must decompose the domain into a number of areas, every 
area belonging to a unique triangle of the original mesh and a 
unique triangle of the advected mesh. Such areas may be 
triangles, quadrilaterals, pentagons, or even hexagons. A 
general solution of this problem, based on the theory of 
distributions, has been proposed in 1986 (see [3]). However 
it could be sensitive to truncation errors, the final exact 
formula using the Heavyside function (denoted H). As a 
matter of fact terms like H(ax+by+c) may give randomly 0 
or 1, depending on truncation errors, if ax+by+c is close to 
0. Research in this direction would include finding a formula 
insensitive to truncation errors and a fast way to decompose 
the mesh into areas with unique polynomial definition of 
1+Ψ nj and niΨ . 
Actually, for a practical use, the integral of (9) is 
computed with Gauss points. The Gauss points (a given 
constant number for every triangle, namely 1, 3, 4 or 6 were 
tested) are defined on the original mesh and advected 
backwards. The idea has been published in [4]. However, 
whatever the number of Gauss points (see [5] for numerical 
values and positions of Gauss points of various elements), 
this is an approximation because it will be used to integrate a 
function that is only piece-wise polynomial. Though it 
eventually gives a very simple procedure, the use of Gauss 
points is here conceptually complex and needs explanations. 
The first idea is to decompose the term ΩΨ∫Ω df nin  into 
the integral over all the triangles surrounding point i in the 
backward advected mesh. On such triangles niΨ has a unique 
polynomial (in fact linear) definition, but nf is only piece-
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wise linear, because it is defined on the original mesh. Then 
on a triangle T we can write: 
 
)(
1
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n
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g
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i
n
T
Ψ=Ψ ∑∫
=  (10) 
Where: ngauss is the number of Gauss points, gw is the 
weight of Gauss points, and ngf  is the value of 
nf at the 
position of the Gauss point. )(gniΨ  is the value of the test 
function at the position of the Gauss point. g
ngauss
g
w∑
=1
 is the 
area of the triangle. The Gauss weights, because they are 
proportional to the area of the triangle, are liable to change 
with time. However, the definition of a divergence free 
velocity field ensures that the areas of triangles will not 
change (unless we have errors in the discretisation). For this 
reason, but only in a context where 0)( =udiv  , the Gauss 
weights are taken in the mesh at time 1+nt . Note that if the 
velocity field is not divergence free, e.g. if the local space is 
expanding, ΩΨ∫Ω di would grow with time, then f
would be locally reduced to keep mass conservation 
according to its conservative equation. To sum up, in the 
sum )(
1
gfw ni
n
gg
ngauss
g
Ψ∑
=
  the weights gw  can be taken in 
the mesh at time 1+nt , it is also the case of )(gniΨ  because 
iΨ  is advected in a non conservative form, which keeps its 
height unchanged. Now what is ngf ? This is where we use 
the strong form of the method of characteristics: the 
backward characteristics will be built for all the Gauss 
points, and ngf  will be the value of
nf at the foot the Gauss 
point characteristic. Now what will happen if a backward 
characteristic goes out of the domain? It can only do this 
through a liquid boundary which is an entrance of the 
domain, hence were we have the boundary conditions of f
and we can take it for the value of ngf . In other terms the 
Gauss points exiting the domain will provide the term
( )dtdnufitt nn ΓΨ∫∫ Γ+ .1 . Using the technique of Gauss 
points, the whole method will result in solving the system: 
 
( ) )(
1
1 gfwFM ni
n
gg
ng
g
i
n Ψ= ∑
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 (11) 
where ng represents all Gauss points involved in the 
computation of the terms: 
 ( )dtdnufdf ittnin nn ΓΨ∫∫+ΩΨ∫ ΓΩ + .1   (12) 
The procedure thus consists of choosing a number of 
Gauss points per triangle (the larger the better because it will 
never be an exact integration), of computing their 
characteristic and interpolating the advected function at their 
foot. With this the right-hand side of the linear system is 
easily built, and this system is easily inverted (with an 
iterative solver), because its matrix is a mass matrix. The 
procedure is mass conservative (in a divergence-free velocity 
field context), but we can check it only if we are able to find 
out what is ( )dtdnufitt nn ΓΨ∫∫ Γ+ .1  in the right-hand side, 
which is not obvious as the Gauss points procedure 
computes simultaneously both terms of (12). 
III. A FIRST TEST CASE 
This first test case is done in the context of a divergence 
free rotating velocity field. It was also used in [6] (where a 
figure showing the velocities is given). It consists of the 
advection of a tracer in a solid rotation velocity field. 
Namely the computational domain is a square between 
abscissae 0 and 20.1 m and between ordinates 0 and 20.1 m. 
The mesh is composed of squares of side 0.3 m split into two 
triangles. The velocity field has the two components 
u(x,y)=10.05-y  and v(x,y)=x-10.05, and the initial tracer 
value is between 0 and 1, of the form: [ ] 2/)05.10()15( 22),( −+−−= yxeyxT . 
 
Figure 1.  The rotating cone test with various advection schemes 
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The principle of the test is to simulate one rotation of the 
tracer around the center of the square. With an ideal solver, 
there should be no variation of the tracer after one rotation. 
We do here one rotation in 32 iterations, with a time step of 
0.196349541 s (actually the conditions chosen in Reference 
3, which show that the method is insensitive to the Courant 
number). 
The original maximum height of the cone is 1. After one 
rotation the tracer maximum is given in Table I and the 
shape of the cone is shown on Figure 1. 
TABLE I.  ROTATING CONE TEST 
Advection scheme Height of cone after 1 
rotation 
explicit PSI scheme 0.1875 
“strong” characteristics 0.6778 
“weak” characteristics 0.996929 (6 Gauss points) 
 
In this case the Courant number is at most 7 if we 
consider sides of triangles as the mesh size. The cone after 1 
rotation is virtually unchanged. Now you understand why 
this method is worth looking at, even if it has technical 
drawbacks! Note that with a more physically recommended 
Courant number of 1 the cone height after one rotation is 
0.9545, which shows that the method is less diffusive for 
large Courant numbers (even one rotation in 1 step would 
work!). The reason for the excellent quality of the method is 
certainly the inversion of the mass matrix, which prevents 
artificial diffusion. If we lump the matrix, so that it becomes 
a diagonal with positive terms, monotonicity is thus ensured, 
but the height after one rotation becomes 0.5013, which is 
less than the strong form (but compared to the strong form of 
characteristics it would be however a way to improve mass 
conservation, with a result better than the distributive 
schemes). 
Increasing the number of Gauss points is rapidly useless, 
as shown in Table II, though the six-point case eventually 
shows that the overshoot is due to the quadrature. 
TABLE II.  INFLUENCE OF THE NUMBER OF GAUSS POINTS 
Number of Gauss 
points 
Maximum of cone Minimum of cone 
1 0.840168 -2.77 10-6 
3 1.004790 -3.28 10-5 
4 1.003720 -5.31 10-5 
6 0.996929 -1.39 10-5 
 
IV. NOW THE DRAWBACKS 
A test case with a tracer, e.g. a tracer added in the bridge 
piers test case, shows the drawbacks of the loss of 
monotonicity. In this case a tracer at value 1 is entered on 3 
points in the entrance, whereas on other points it is set to 0. 
We compare the results after 80 s of simulation. The strong 
form of characteristics is monotonous, but the highest value 
of the tracer at the exit is only 0.398. The weak form has 
values at the exit greater than 0.9, but strong undershoots and 
overshoots (range of values from -0.31 to 1.22). Lumping the 
mass matrix saves monotonicity, but in this case numerical 
diffusion is worse than the strong form. A partial lumping 
can give intermediate results. 
 
Figure 2.  von Karman eddies with strong or weak characteristics used for 
advection of velocities 
If we use the weak form in a context where monotonicity 
is not so important, e.g. for the velocities, we find a dramatic 
improvement, like on Figure 2, showing the von Karman 
eddies behind the bridge piers. 
The advantages and drawbacks of the method are thus: 
Advantages: 
• very little phase error 
• very little damping 
Drawbacks: 
• an approximation with Gauss points for computing 
an integral (mass conservation only approximated) 
• a mass matrix to invert, with subsequent undershoots 
and overshoots in the solution (no monotonicity) 
Except the loss of monotonicity, the inversion of the 
mass matrix is not really a problem, because in reality it is 
not done. Actually the following fractional step after 
advection, which is diffusion, requires 1+nFM , not  1+nF . 
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V. WEAK FORM IN THE CONTEXT OF SHALLOW WATER 
EQUATIONS 
In a depth-integrated context, the correct conservative 
equation reads: 0)div()( =+∂
∂
uhf
t
hf 
, which can be 
interpreted as (1) with the variable hf . If we do this, the 
derivation leads to the equation: 
 ( )dtdnuhfdfh
dfh
i
t
t
n
i
nn
n
i
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n
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ΓΨ−ΩΨ
=ΩΨ
∫∫∫
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Strictly speaking, the left-hand side term is: 
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which is 11)( ++ nn FhM , where )( 1+nhM is a kind of 
mass matrix with an extra term 1+nh . A Gauss points 
approach would lead to solve the system: 
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Where ngh are the depths interpolated at the feet of 
characteristics. The problem is that the velocity field is no 
longer divergence free, so the Gauss weights evolve along 
the pathlines. The case f constant shows in fact that we 
must have: 
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which gives us, assuming gw taken at time 
1+nt , a correction 
factor leading to the equation: 
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with a simplified lumped form: 
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where a division by 0 would only occur if the numerator is 
also 0. 
This depth-integrated form of weak advection has also 
been tested on the bridge piers case, but it brings very little 
difference, which is normal because the variations of depth 
in this case are small. 
 
Figure 3.  Bridge piers case with a tracer, showing undershoots of weak 
form of characteristics 
VI. WEAK FORM IN 3D 
3D is a priori simpler than 2D, and the theory can be 
readily applied. In the context of the sigma-mesh 
transformation of TELEMAC-3D, the computation of the 
characteristics pathlines can be done in the transformed 
mesh, thus taking into account the relocalization. Then when 
the feet of characteristics are known, we can apply the weak 
form in the real mesh. With prisms and for second order in 
the computation of the integral, 6 points per element are 
necessary. Figure 3 shows the results obtained on the bridge 
piers test case in 3D. The depth-averaged tracer is plotted. 
The initial value of the tracer is 0 and the value of 1 is given 
at 3 points of the entrance, without specified unit. Again we 
see undershoots, but less than in 2D. The difference with 2D 
is not explained, though it may be due to the depth-averaging 
process that filters oscillations. For a final “mass” (actually 
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integral over the whole domain) of tracer of about 109, the 
loss with the strong form is 48.38 or 44%, the loss with the 
weak form is 0.308 or 0.28%, a big improvement, the 
remaining error of 0.28% being due to the aforementioned 
Gauss quadrature. The computer time is 6'54" with the 
strong form, 9'34" with the weak form (i.e. an extra cost of 
39%, but this is so far without any optimization of the weak 
form). 
VII. FORWARD CHARACTERISTICS 
A proposed alternative to the choice of backward 
characteristics is to do forward characteristics. The 
interpolation at the foot of the characteristic is then replaced 
by a projection. Basically the Gauss points take a mass at 
time nt   and carry it further, on arrival in an element the 
mass is shared between the points in the element with respect 
to the isoparametric coordinates, and this yields the right-
hand side. The integral is computed exactly, but even with a 
full lumping of the mass matrix the monotonicity is not 
ensured, because the divergence free character of the 
velocity may be altered by the approximated computation of 
the characteristics, namely if the characteristics carry too 
many or too few Gauss points to an element. We can use this 
technique in the context of settling velocity in 3D. The 
forward characteristics are well adapted: while an infinite 
time step would lead backward characteristics to the free 
surface where concentrations are virtually 0, forward 
characteristics would go to the bottom and the Gauss points 
would release all the mass on the bottom. The loss of 
monotonicity may not be a problem, as high concentrations 
will trigger a deposition. Actually the problem is in reality 1-
dimensional. The procedure is very simple: 
1) take the mass at Gauss points, or even mesh points 
(with proper weights). 
2) move the masses downward, locating the new position 
in a vertical segment. 
3) projecting the mass on the two points of the segment, 
i.e. sharing the mass between the two points of the vertical 
segment. This is new, due to forward characteristics. 
4) final division by the volumes around points (integral 
of test functions) to get concentrations. Here inverting a 
mass-matrix can also be envisaged, but with loss of 
monotonicity. 
VIII. CONCLUSION 
The weak form of the method of characteristics shows 
amazingly good results but is plagued a remaining technical 
problem of quadrature, which spoils mass conservation, and 
by the lack of monotonicity. It can however already be used 
for the advection of velocities because in this case mass 
conservation and monotonicity are of a lesser importance 
while artificial diffusion may be hindering, e.g. to get von 
Karman eddies. In a forward mode, the treatment of settling 
velocity for suspended sediment is possible without any 
drawback. The amazing performances on the rotating cone 
test indicate that, for other advection schemes, there is still a 
large room for improvement. 
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